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Abstract. We first consider a question raised by Alexander Eremenko and show that if fl is an arbitrary connected open 
cone in M. d , then any two positive harmonic functions in £1 that vanish on d£l must be proportional -an already known 
fact when £2 has a Lipschitz basis or more generally a John basis. It is also shown however that when d > 4, there can 
be more than one Martin point at infinity for the cone though non-tangential convergence to the canonical Martin point 
at infinity always holds. In contrast, when d < 3, the Martin point at infinity is unique for every cone. These properties 
connected with the dimension are related to well-known results of M. Cranston and T. R. McConnell about the lifetime 
of conditioned Brownian motions in planar domains and also to subsequent results by R. Banuelos and B. Davis. We 
also investigate the nature of the Martin points arising at infinity as well as the effects on the Martin boundary resulting 
from the existence of John cuts in the basis of the cone or from other regularity assumptions. The main results together 
with their proofs extend to cylinders "Wy (£) = R x Z -where £ is a relatively compact region of a manifold M~, equipped 
with a suitable second order elliptic operator. 



1 Introduction. Main results. 

We consider the cone ^,(Z) of R d , d > 2, generated by a region E of the unit sphere Sd-i, i.e., 
^ (r) = {rco ; r > 0, CO € L }, and study the positive harmonic functions in %,{L) (where %, is for 
cone). Recently Alexander Eremenko asked whether it is always true that any two such functions 
that moreover vanish on 5^ (£) must be proportional. Our fust main result, Theorem 11.11 below 
(see also Theorem 12.1 31 ), answers this question by the positive. A generalization to a large class of 
cylinders is described in section |7] 

To deal with non necessarily Dirichlet-regular £, we say, following a usual convention, that a func- 
tion w in £ vanishes on the open subset T of dL (or, more precisely, that w vanishes in the weak 
sense on T) if wis bounded in a neighborhood of each ^ G T and if A := GT; limsup |w(x)| > 0} 

is polar in S^_i. By definition, A C Sd-\ is polar in Sd-i if for each ^ G A there is a chart of Sj_i, 
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X'V C R d ~ l , V B , such that x(V n A) is polar in R d ~ l . Note that A is polar in S d -i if and 
only if {tZ, ; t, € A, t > 0} is polar in R d . 

For a function w defined in a region Q. of R , the relation w = on T C 512 is defined similarly. 
If w : O — y R is harmonic with respect to a second order uniformly elliptic operator in divergence 
form with bounded measurable coefficients in Q. and if w = in an open subset W of dV then 
lim w(x) = for every Dirichlet-regular boundary point ^ £ff. 

Theorem 1.1 The nonnegcitive harmonic functions in ^ (E) which vanish (in the weak sense) on 

the boundary of %,(!.) are the functions h in the form h(r(o) = cr aL (po((o), CO £ E, r > 0, where c 

-(d-2)+J(d-2Y+AX { (Z) , . . . . . , . 

is a nonnegative constant, OCx = 2 ana <po is a positive solution of As d _ l (po + 

X\ (I) (po = in L. 

Here As d _ { is the spherical Laplacian -denoted also As in the rest of the paper- and X\ (E) (later de- 
noted X\) is the first eigenvalue of the opposite of the Dirichlet Laplacian in E. As well-known X\ (E) 
coincides with the Raleigh constant of E, i.e. X\(L) = inf{J \ Vu\ 2 dOs d _ { ; u G C'(E), f \u\ 2 dOs d _ { > 
1 } -where Gs d _ l is the standard Riemannian spherical measure in S £ /_i- and X\ (E) is > if and only 
if Sd-i \E is not polar in Sd~i (see e.g. |[T9l ). In this case, is also the largest eigenvalue of the 

(nonnegative self-adjoint compact) Green's operator in L 2 (L;Os d _ l ), (p >->■ G(q>) = (—As)~ l ((p). It 
is known (see e.g. Q) that X\ (E) is also the greatest real X for which there is a positive (A$ + XI)- 
superharmonic function in E (distinct from the constant +°°). For X = X\ (E) such a function is 
unique -up to multiplication by a constant- and there is a unique positive solution (f>o G H { \ (E) of 
As<Po + ^-i(E)<po = with ||<Po||l 2 (5:) = 1- m particular <po = in <9E. Since, as well-known, the 
function Hq(x) = r ai -(po((o) -r = \x\, co = x/\x\- is harmonic, Theorem 11.11 means that any two pos- 
itive harmonic functions in ^ (E) vanishing on d^(E) are proportional. Note also that Theorem 
II. ll implies that Ho is a positive minimal harmonic function in ^ (E). 

Section[2]is devoted to a proof of Theorem ll.il See Theorem 12. 11 l and an improvement in Theorem 
12.131 It relies in particular on the study of minimal Martin functions arising at infinity in ^b(E) 
and the study of the convergence in the Martin topology towards such Martin points (for Martin's 
theory, see El, lH, HH, or O). 

When E is sufficiently regular Theorem ll.ll is well-known. See l23l for the NTA case. The recent 
paper of K. Hirata [22] establishes the result when E is John. These papers rely on (and provide) 
Harnack boundary inequalities which do not hold in the general case. 

In section [6] we show that -in contrast with the case where E is John - another question which 
might seem at first to be another formulation of A. Eremenko's question has a negative answer for 
a general E, at least in higher dimensions. 

Theorem 1.2 For d > 4, there exists a domain E such that the Martin boundary of %,(!,) contains 
a one parameter family of minimal points which are limits of sequences {P n } in ^,(E) going to 
infinity in W 1 ( and whose all defining sequences go to infinity in M. d ). 

The class of examples provided to prove Theorem 11.21 is strongly related to the construction by 
Cranston and McConnell of a bounded domain D in R 3 with a positive harmonic function h in B 
such that the lifetime of the /j-Brownian motion is almost surely infinite [14]. As shown in [ 14 ] this 
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cannot happen in a bounded planar domain. There is a corresponding result here given by the next 
statement. The only interesting case is d = 3. 

Theorem 1.3 If d < 3 and £ is a domain in S^-i, every sequence {P n } in going to infinity in 

W 1 converges in the Martin topology towards the canonical Martin function Hq. 

The proof is given in section [5] and relies on a result of Banuelos and Davis iflOl . A similar proof 
shows that for all d > 2, every sequence {P n } in ^ (E) going non-tangentially to infinity in 
converges in the Martin topology to Hq. See Theorem 13. II and its proof in section [5] Extensions 
based on [8] to d > 4 of Theorem 1 1 . 3 1 are also mentioned there. 

In section l6~4l we supplement Theorem 11.21 by showing that for d > 4, ^o(^) ma Y admit plenty 
of minimal as well as non-minimal Martin points associated to sequences {P n } in ^(X) going to 
infinity in W 1 (and whose all defining sequences go to infinity in W 1 ). The corresponding Martin 
functions are of the form H(x) = r a ytjfr) w i tn ~^T L < cx < (Xz- This supplementary construction 
is based on the following fact (see Theorem 14.61 ) proved also in section l6~4l and valid for all d > 2. 

Proposition 1.4 IfL contains a hemisphere £ + ofSj-i, then every sequence {P n } such that -^j € 
and \P„\ — > +°° converges towards the canonical Martin point Hq. 

In section |H some implications on the Martin boundary that follow from regularity conditions 
are observed. For example, if M is a closed John regular subset of £ (see section |4} then every 
sequence {P n } in ^(M) such that \P n \ — > oo converges towards the canonical minimal point Hq. 
This generalizes Hirata's main result in [22]. 

To prove the above mentioned results, it seems more convenient (and natural) to work with a cylin- 
der model of ^ (r) given byRxE equipped with a suitable elliptic operator L. See section [27TI 
We note here that there is a large literature dealing with Martin's boundaries of product structures 
(e.g., & HI, (23,11281 or (201). 

Almost all the results (and their proofs) extend to the framework of a cylinder ^y(r) :=KxI 
where £ is a relatively compact region in a manifold M, the cylinder being equipped with an elliptic 
operator L in the form L = {d t o d t + j8 d t ) ©Jzf where j8 G R, d t is differentiation with respect to the 
first variable and Jzf is a second order uniformly elliptic operator in M. See section |7] 

2 Proof of Theorem [Til 

We will assume once for all that S c i- \ \E is non polar in S t /-\. Otherwise, by a standard extension 
Theorem and the Liouville property, positive harmonic functions in ^o(^) are constant, = 

and Theorem II .H is obvious in this case. Thus, in what follows, is a Dirichlet-regular boundary 
point for -using e.g. Wiener's test-, and \imh(x) = for the functions h under consideration 

in Theorem ll.il 
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As a first step, using a simple change of coordinates we reduce the study of positive harmonic 
functions in the cone < to„ (E) to the study of positive solutions in the cylinder 'tfy (E) = K x E of 
some natural elliptic operator - the notation 'rfy (E) will be used all along the paper-. Recall first the 
following classical expression of the Laplacian in polar coordinates: if / is C 2 -smooth in the open 

set U of R d , d>2, 

Af(x) = 0(r, <o) + ^Z± ^(r, fi)) + 1 (A s ) a g(r, co) (2.1) 

forx = r(Q, (r,<o) G U := {(r,C0) G M.* + x5 rf _i; r(0 G U } and g(r,ffl) = f(rco) for (r,ffl) G C7. (Recall 
that A5 is the Laplace-Beltrami operator on the Riemannian sphere Sd-i) 

Consider then the change of coordinates: <I>(r, ft)) = (log(r),ft)), or &~ l (u,G)) = (e u ,(o). Obviously 
<I> defines a C°° diffeomorphism of R+ x E onto the cylinder (E) = KxL By an elementary 
calculation, if g G C 2 (R+ x E) and /i = go$ _1 ,we have 

(A s ) m g{r, (0) + (d-\)r-^(r,(0) + r 2 -^ = {A s ) m h(u, ft)) + (u, (0) + {d- 2)^(«, fl>) (2.2) 



Using these two formulas we are reduced to the study of the Martin boundary of the cylindrical 
region ^y(E) = R x E of the manifold X:=lx S^-i with respect to the second order elliptic 
operator L := A$ + (d — 2)^ + J^r (where u denotes the R-component). 

There is a well known explicit (and elementary) expression of the heat semi-group {Q t }t>o associ- 
ated to the component of L acting in R, i.e., Lr = <9 2 + (d — 2)d u . By heat semi-group associated 
to Lr we will mean that for each (p G Cq(M) the function / : (*,*) i-> Q t ((p)(x) is the minimal 
positive solution of the Cauchy problem : d t f(t,x) = d£f(t,x) + (d — 2)d x f(t,x) for t > and 
/(0,jc) = <p(x),xG R. 

Lemma 2.1 For t > the kernel Q t on R is given by the convolution with the density 

q t (u) = - 7 ^exp(- (M+(J ~ 2) ° 2 ), u G R (2.3) 



This means that <2 t (<p) (w) = J K q t (u — v)(p (v) civ for <p G Co (R) . The product structure of R x E is 
exploited through the next standard fact. 

Lemma 2.2 In R x E, the heat semi-group {H t } f> o associated to L= + (rf — 2) ^ + A5 /j g/vera 
fry densities 

h(t;u,x;v,y) = q t (u — v)7tt(x,y), xjGl, w, v G R, f > 0. 

Here % t , t > 0, is standard heat kernel density in E f with respect to As, the usual Riemannian 
measure Os in Sd-i and the Dirichlet boundary condition). 

In other words H t ((p)(u,x) = f™ 00 f z h(t;u,x;v,y)(p(v,y)dvdo s (y) if q> GCo(RxE;R) and (u,x) G 
tfy(E). 
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2.2 Some inequalities satisfied by Green's function and their consequences 

The Green's function with pole (y,y) and with respect to L in R x E (and the measure ii(d{u,x)) = 
dudo{x)) is the function: 

p CO 

(u,x) I-)- G(u,x;v,y) = / h(t;u,x;v,y)dt, (h,i) £ R x I. (2.4) 
Jo 

1 (u-r+(d-l)t) 2 

But h(t;u,x;v,y) = -j= e * 7T r (x,y) and for p > we have 

e - '" + "-r' 2 " )2 = e ~ ( '-' + r 2)f)2 e -f (f +(tf-2)r+»-v) 

> e -(^)p/2 e -fc^lo! (25) 

if V > M + ^. 

On the other hand, if p > 0, and v < u + ^ 

e - '"^-r- 2 "' 2 = g - C-^(g-W 2 e |(-£- (rf -2) ?+ v- M ) < g -(rf- 2 )p/2 e - (-^(g-'W 2 

(2.6) 

Upon integrating with respect to t these inequalities, we obtain the next proposition. 

Proposition 2.3 The Green's function Gfor L /« R x E satisfies the following relations: 

G(u,x;v,y) <e (d - 2)p/2 G(u + p,x;v,y), for K,vel, and x, yG E, 

if p > and v > % + w. An<i G(w,Jt;v,y) > g( rf ~ 2 W 2 G(m + p,x;v,y) j/p > ancf v < j + u. 
Moreover, we have the following symmetry identities : for x,y G E,w,v,vo,Vi G R 

G(v - w,*;v - v,y) = e^ 2 )^ G(vi +«,x;vi + v,y), (2.7) 

Note that (12.71) follows immediately from (12.31) . lemma [2721 and (12.4I ). Of course these identities can 
be understood in terms of Kelvin's transformation if one returns to the cone ^ (E) equipped with 
the usual Laplacian. 

The above leads to the following properties of the L-Martin functions associated to L in the cylinder 
^y(E). We choose and fix once for all a reference point xq G E and take (0,jco) as the normalization 
point for Martin's functions in *^y(E). Occasionally, we use the standard notations A (resp. Ai) 
to denote the Martin boundary (resp. the minimal Martin boundary) of (^y(E),L), and ^y(E) its 
Martin compactification (ref. (24], EH, 0). 

Proposition 2.4 IfK is an L-Martin function in ^y(E) = R x E defined by a sequence (vj,yj) with 
Vj — > +°°, yj G E, (i-e., K(u,x) = limj^^K^.y.^u^) where K^ v . y .^ is the Martin kernel ^( Vj j ; ) : = 
G(;-;Vj,yj)/G(0,x ;vj,yj)) then 

K(u + p,x)>e- {d ~ 2)p/2 K(u,x), (h,i)gRxE (2.8) 
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for every p > 0. In particular ifK is minimal there exists (X > — ^j 2 - such that K(u,x) = e au K(0,x), 
(u,x) £lxl, and the function s(x) = K(0,x) is a proper function in £, namely A$(s) + Xs = Ofor 

X = a 2 + (d — 2)a. So X > — — ^ , a = 2 ^+VV 2 ) + 4A an( j s j s a m i n [ ma \ positive (As + XI)- 
harmonic function in £. 

The first statement follows from Proposition 12. 31 and the definition of Martin functions. If K is min- 
imal, then (u,x) i-> K(u + p,x) is also L-minimal; by (I2.8I ). it follows that K(u + p,x) = c(p)K(u,x) 
for some function c G C(M;M^) and all (p,u,x) GKxlxI (assuming first p > 0). We have 
c(p + p') = c(p)c(p') for p, p' G E and so c(p) = e ap for some a > — The other claims are 
then immediate. □ 

Note that a G [a^oWx] where oWx := Qfc = 2 ~' /+A /^ 2 ) +4Al an d q; = We set a^n = 

2-d-yJ(d-2) 2 +Ah 
2 

Remark 2.5 Similarly ifK is an L-Martin function related to a sequence (vj,yj), with v; — X 

yj G £, then K(u + p,x) < e~( d ~ 2 ^ p / 2 K(u,x) when (u,x) 6KxI a«<i p > 0. If K is minimal 

w.r. to L, then K(u,x) = e au s(x), for some a G [OmirnQto] ond some X -proper function s in £, i.e., 

A s (s) + Xs = in L. Here X = a 2 + (d-2)a > a = 2 ~^ ( ^ 2)2+ - and s is {A s + XI)- 

minimal in £. 

Observe that if A + (resp. A - ) is the set of the Martin functions arising from a sequence (vj,yj) 
with limyj = +oo (resp. limyj = — oo) the identities (12.71 ) lead to a natural bijection K i— x K from 
A+ onto A - , where K(u,x) := e^^^'K^-u^x). 

We note two other observations which complement Proposition 12.41 and Remark 1231 

Proposition 2.6 If £ G A is a Martin boundary point for (^y (£),L) which as a point of the Martin 
compactification is in the closure of both {(u,x) G ^y(S) ; u > p } and {(u,x) G ^y(£) ; u < p'}for 
some p , p' 6l, p' < p, then Kr is in the form Kr(u,x) = e~~ u f(x) where f is a positive solution 

ofA s f-^f = 0inL. 

The same conclusion holds for £ G Ai, if £ is in the closure (for the Martin topology) of a set 
= {( v ^y) > l v l ^ ^> y ^ £}> ^ > 0, an( l ifKr is of the form Kr(u,x) = e au f(x). Moreover f is a 
positive minimal solution ofAsf — ^ ^ f = in £. 

In the first case, by the above estimates of Green's function we must have Kr(u,x) = e~^ u f(x) for 
p' < u < p, x £ IZ, where f(x) = e^ p Kr(p',x) = e L ^ p Kr(p,x). Then / is necessarily as in the 
statement and by the Green's function estimates, we see that Kr(u,x) > e-— u f(x) for all u> p . 

But a nonnegative solution w of L(w) = in a domain £1 C ^V(£) that vanishes at some point 
vanishes everywhere (by Harnack inequalities). Thus Kr(u,x) = e~~ u f(x) when u > p'. A similar 
argument extends this equality to u < p. 

In the second case, if £ =: lim(v ; ,j ; ), we must also have £ = lim(v ; - + s,yj) for every s£l. So 
the result follows from the first part of the proposition (the minimality of / being necessary for the 
minimality of Kr). □ 
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2.3 Positive L-harmonic functions vanishing onKx <9E (a) 

Let / denote a nonnegative L-harmonic function in ^y(E) :=KxL such that / = on R x dE in 
the weak sense. 

By the Martin boundary theory there is a unique integral representation of / in the form 

f(u,x) = J K^(u,x)dii(Q, (u,i)eRxE (2.9) 

where jJ. is a finite positive Borel measure on the minimal Martin boundary Ai of (^y(E),L) and 
where K is the L-Martin kernel associated to L and the reference point (0,jco) G E. 

Denote A~ the trace on A i of the intersection of the closures -w. r. to Martin's topology- of the 
sets X N := {(-oo, — N] U [N, +°°)} X E, N > 1. In other words, a point £ G Ai is in A~ if and only 
if there is a sequence of points £j = (uj,xj) G R x E with \uj\ —> +°° converging to £. In particular 
Kr is in the form given by either Proposition !2.3l or remark [231 

Lemma 2.7 The measure \if is supported by A~. 

Proof. Let N > 1. In ^y(E), the function / is equal to R x f N , its reduite (cf. ifTTl. iTDl. ifloT) on Xaz 
(w.r. to L). This follows from the assumption / = in dE x R and from (a standard extended form 
of) the maximum principle. So by the Martin boundary theory, the measure tlf is supported by the 
set of the points £ G Ai such that is not minimally thin at £. Such a point £ is necessarily in 
the closure of X# in "^y(E), the L-Martin compactification of "rfy(E). Whence the result. □ 

Next we will observe a simple condition for \if to be concentrated on 

A+" := Ai n {C G ^(E) ; £ = Km(uj,Xj) with x, G E and u.; -> +oo }. (2.10) 

Define similarly A^ 00 using sequences {(w/,*/)}./>i with limwy = — oo. 

Lemma 2.8 If f(—t,x\) = o(e' L ^ t ) as t — >• +oo for some (or all) x\ G E, then the measure \lf is 
supported by A^°°. 

This is because for u < and £ G Aj~°° we have A^(w,xo) > e~^ u Kr (0,xq) = e^^ 11 (see Remark 
Oand 

/(«,*,) = f Kz(u,xa)dn(C) > r^(Ar\An=^ ¥ "M(AD- 
Thus n(A^°°) = 0. Note the special case where f(t,xo) = 0(1) as t — > — oo. □ 

2.4 End of proof of Theorem O 

In this subsection it is assumed that moreover f(u n ,xo) = 0(1) for a real sequence u n — > — oo, that is 
liminf f(u,x) < oo for each x G E. We will show that / is unique up to a multiplication by a constant 
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and will thus prove Theorem [T7TJ Examining the proof, it will be seen later that this assumption on 

liminf /(w,;to) can be notably relaxed. 

u — y — °° 

For any given real ao let us denote A.^°°(ao) the set of all points £ € A^" such that Kr is in the 
form : Kr(u,x) = (p(x)e au , (u,x) 6 ^y(E) for some real a > ao and some minimal positive solution 
of A s q> + A<p = in E where A = a 2 + (d — 2)a. We set a = a(Q and A = A(£). 

Repeating the argument in lemma 12781 we first note the following. 
Lemma 2.9 The measure \if is concentrated in A.^°°(0). 

This is again immediate since given e > we have for u < 0, 

f(u,x<>)> ( K^ u ,xo)dit f (Q>e- £ yA^r\^T(-£)) 

■/A+~\A+"(-e) 

and hence /Xy( A+°° \ A+°°(-e)) = since Uminf/( M ,x ) < °°. □ 

Recall that Ai = Amax is the greatest A for which the equation A$q> + A<p = admits a positive 
solution (or even a positive supersolution) in E. 

Lemma 2.10 Set A = {£ e A+~(0) ; A(£) < A max (I) }. T/zen jU/(A) = 0. 

Assume that jU/(A) > 0. Then for some A{, < A( < Ai, the set A' of all £ £ A|°°(0) for which 
< A(£) < A[ has strictly positive measure: jU/(A') > 0. Note that A' is the set of the minimal 
points £ € A] such that for some A, < A < A{, 

^(m,jc) = e a "£j(x) (2.11) 



where a = — 2 ^ + ^ d ^ and fc^ is a + A/-minimal function in E. 

<p(x)= / 4(x)dn f (Q, xeE, (2.12) 



The function 



is a (strictly) positive Aj-superharmonic function in E which satisfies the following: 

(i) (p vanishes weakly on the boundary of E (note that <p(x) < f(u,x) for x £ E, u > and that by 
assumption / = on 1 x dE in the weak sense), 

(ii) the positive measure — As(<p) admits the density \j/(x) = f A ,Xk^(x)dHf(x) with respect to Os- 

By (i) and a well-known form of the maximum principle cp is a potential in E with respect to the 
spherical Laplacian As in E, i.e. its greatest subharmonic minorant h in E is zero . Indeed there 
exists a positive As-superharmonic function s going to infinity at each £ G dE where (p has a non- 
zero upper limit since the set of these points £ is polar. So by a standard form of the maximum 
principle h — es < for each e > 0. 

It follows that (p is a Green's potential in E and so using first (ii) and then (12.121 ) and (ii) again, we 
get 

Gz(v) = <P > (2-13) 
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in Z, where Gz denotes the Green's function in £ w.r. to A$. 

The function \j/ is in L 2 (Z) (it is bounded in £ -in fact y is also an element of H { ] (£)-). Thus from 
\jf^= and ||Gx(y)||2 > y || Vlb we infer that jj- = ||Gj:||l(l 2 ,l 2 ) > jr wn ich i s absurd. □ 

On the other hand, we know that every positive eigenfunction cp with respect to (As,£) and the 
eigenvalue X\ = X\ (E) is proportional to <po (see e.g. 0). Moreover <po vanishes at every Dirichlet- 
regular boundary point € d$L and so vanishes quasi-everywhere on dgL. 

Thus we have proved the following which contains Theorem ll.il See also Theorem 12. 131 

Theorem 2.11 There is a unique positive L-harmonic function F + on ^y(E) =MxI vanishing (in 
the weak sense) on the boundary K x d£ and such that liminf F + (u,xq) < +oo and F + (0,xq) = 1. 

This function is a minimal Martin function and F + (u,x) = g"" 1 -'"" if QWx = 2 d +V^ 2 ) + 4 ^' 
(i.e. owx = azj- 

In what follows we will keep the notation F + for this "canonical" minimal function and let F (u,x) = 
^""wW' where Omin = 2 d "v 7 ^ 2 ) +4A ' f or th e similar minimal function related to the end 
"m — > — oo" of the cylinder. We set Oq = — 

In the course of the proof of Theorem l2.11l we have also essentially shown the following facts. Dis- 
tinguish three classes of minimal Martin functions K w.r. to (^y(£),L): 

(i) the functions in the form KAu,x) = k(x)e au with < \a — (Xq\ < 2 ) + 4 ^±^ ^ ^ose in 
the form K^(u,x) = k(x)e a ° u , (hi) the class of all other minimal functions. 

Proposition 2.12 IfKr is in the third class there is a unique v^6l such that limvy = v^for any 
sequence {(vj,)'j)} in converging to C, and for such a sequence lim 7 (w 7 -,>'y) = C, whenever 

Wj —> v^ in M. IfKr is in the first class, every corresponding sequence {( v j,yj)}j>i is such that 
limvj = +°° or limvy = — °° depending whether a > OCq or a < OCq. Finally ifK^ is in the class (ii) 
there are sequences (v,yA (with a fixed first coordinate) converging to £ and for any such sequence 
limy(v;,yj) = £ for every real bounded sequence {vj}; moreover there are sequences {v,} such 
that limv 7 - = +oo and lim 7 (v y -,y 7 ) = £. 

A minimal function in the class (iii) will be said to be of the finite type. 

Of course if £ is smooth, the first class reduces to {F + ,F-} and the second class is empty. We 
shall see later that there may exist minimal as well as non minimal Martin points £ in the form 

Kfa,x) = e au k(x), for all a such that \a- «b| < V( rf - 2 ) 2 + 4A i _ See 1641 

Proof. To establish the last claim let £ be in the second class. If v G M and if (vj,yj) — > £ then 
(2v — Vj,yj) — > £ (by the identities (12.71) with vo = vi = 0). But a minimal Martin point has a 
neighborhood basis {Uj} in ^y(S) with Uj^'tfy^L) connected (by the general theory, see e.g. 11291 
p. 223) and so we can find points zj £ £ with (v,zj) — > C- If { v j} * s bounded it follows at once from 
the (local) Harnack inequalities and the translation invariance with respect to the first coordinate 
that (vj,Zj) — > £■ It is then obvious that if v, — > +°° sufficiently slowly {vj,yj) — >• £. 

It also follows immediately from translation invariance that if a sequence {(vj,yj)} j>\ converges to 
a point £ 6 A then lim 7 (w ; -,y 7 ) = C, for {wj} such that \vj — Wj\ — > 0. □ 
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2.5 Positive L-harmonic functions vanishing onKx dL (b) 

The proof of Lemma l2.10l can be extended so as to use a much weaker assumption on the behavior 
of f(u,xo) for u — > — oo. This leads to a description of the positive L-solution inlx E vanishing on 
M. x <9Z which also improves Theorem l2.11l 



Theorem 2.13 Iff is L-harmonic in ^y(E) and vanishes o/ilx d£, then f is a linear combination 
ofF + and F . Thus /fliminf e anaaU f(u,xo) = then f is proportional to F + . 



Using the Martin disintegration of F, we may write F = aF + + bF +F\+F2 with 

Fi(u,x) = J e au kr,{x)dn{0 , F 2 {u,x) = J e au k^(x)dv(Q 

where A = {(eAi; 3a^, a < < 0^ and k^ G C+(Z) s.t. K^(u,x) = e a ^'k^(x) }, B = {C, G 
Ai ; 3a^, own < < cxq and k^ G C+(E) with K^(u,x) = e a ^ u k^(x) } and where \i and v are 
finite Borel measures supported by A and B respectively. 

We claim that jit(A) = 0. If not there exists a[ G (ao,^) such that jU(A') > if A' = {£ G 
A ; Ob < < a[} and repeating the argument in Lemma l2.10l we may conclude using now q>(x) := 

f A ,k^(x)dn(Q and the potential theory w. r. to the operator As — = As — XqI in Sj-i (in 

particular the related Green kernel G^°). Note that (12.131 ) becomes : G^°(y/) = <p > mhtt ¥ where 
A{ is the eigenvalue corresponding to a'. 

In the same way (or using the observation after remark 1231) it is shown that F% = 0. □ 



3 Nontangential convergence to F + or Hq 

The next statement is about how Martin's topology relates to the canonical minimal F + in the 
cylinder ^V(Z) (or to the minimal Hq in the cone ^(L)). It says that nontangential convergence of 
the current point (u,x) G ^y(r) (resp. x = rco G ^{L)) to the end "w = +oo" (or "r = +°°") implies 
its convergence to the canonical Martin point at infinity. 

Theorem 3.1 For every sequence l^j := (uj,Xj) inKxE such that uj — > +oo and {xj} is relatively 
compact in £, it holds that Kq(u,x) — > e ™™ 11 (Pq(x) / (Pq(xq) (i.e. {£y} converges to the Martin 
function F + ). In fact, the following Harnack boundary inequalities hold 

C 1 G(u,x q ;v,xq)G(v,xq;w,x q ) < G(u,x ;w,x q ) <CG(u,x ;v,x q )G(v,x q ;w,xq) (3.1) 

for u,v,w m+1 <v, v+1 <w and some constant C = C(d,Y,,xo) > 1. The inequalities obtained 
by replacing G by its transposed kernel in f li.il ) also hold. 

A proof will be given at the end of section [5] We note here that inequalities (13.11 ) imply by them- 
selves that for t — > +oo the point (t,xo) converges to a minimal point in the Martin boundary (see 
Theoreme 2 or p. 516). 
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4 Martin boundary and subsets of £ 

In this section we collect some properties of the Martin boundary of (£) resulting from regularity 
conditions on a subset M of £. The results will not be used before section [ 



4.1 John regular subsets 

Let M be a closed subset of I. For r\ > 0, let := {x G L;d a (x,M) < r\ } where <4(x,.y) := 
inf{diam(C) ,CcL connected, x,y € L} - Sd-i is equipped with the usual metric in M. d -. For 
< Co < 1 we say that M is co-John in £ if there are points A\, . . ., An in £ such that (i) d(Aj, dL) < 
CQ 1 d(Aj ( ,dI.) for 1 < j, k < N, (ii) for r\ := cq max{d (A j , dl.) ; 1 < j < N}, each a G can be 
connected to one Aj by a co-John arc in £ (see |6] Definition 1.1 and Theoreme 5.3). {Aj}i<j<N 
is then called a co-admissible set of poles for M (note that N can always be chosen smaller than a 
constant No(d,co)). 

The next statement generalizes Hirata's main result in [22]. We rely on Theorem [3j] and a boundary 
Harnack principle given in (6j (ID for ,/V < 2). Note that this statement may be easily reduced to 
the N = I case. 

Theorem 4.1 Let M be a closed and cq- John subset ofL with poles A j, l<j<N. Then lim u ^ +a ,(v,y) 
F + in the Martin topology, uniformly with respect to y G M. 

Proof of Theorem 14. II Denote K the Martin kernel in "^y(E) with respect to the normalization point 
(0,^o)- Applying Theoreme 5.3 and Remarque 5.4 in [6] to M x [v — l,v+ 1] as a subset of ^f(£) 
(or rather -so as to deal with the classical Laplacian- to the corresponding situation in ^o(£)) we 
obtain a constant C = C(d,co) > 1 such that 

K M (u,x) < C £ fe^TTl *W",*) (4-1) 

whenever (v,y) G M X M, |v| > 1, and (u,x) G ^V(£) satisfies \u — v| > 1 (or d a (x,M) > Co). Here 
A'j is arbitrarily chosen in dB(Aj, ^ dist(A ; -;5'^_i \£)) and we restrict to y such that |y — Aj\ > 
2\Aj-A'j\ for all;. 

By Harnack inequalities 

# ( )(w,x) > c — jtK {vA )(w,x) 

when (w,x) G dfi((v,A y -), |A y - — A' ; -|) and hence -by the maximum principle- also for (u,x) G^y(£)\ 

B((v,A y ),|A y - -A' |). Taking (m,x) = (0,x ) we see that c k'^Ta') - L So k follows from <EQ 
that 

N 

K {Vi y)(u,x) <C' £ *r (ViAj .)(w,x) (4.2) 
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when (y,y) £RxM, |v| > 1, and (u,x) G ^y(£) satisfies \u—v\ > 1. Since by Theorem l3. 1 \ K^, A .■) — > 
F + for j — >• oo and since F + is minimal, the result follows. □ 

The proof also yields the following more general statement. Here the results of O for John subsets 
with more than one pole are effectively used. 

Theorem 14.11 Let {M n } be a sequence of closed John regular subsets ofL with a common John 
constant cq. Assume that v n — > +oo in R and that (y n ,Aj) — > G Ai, 1 < j <N, where for each 

n, {^ n ^}i<y<jv I s a co-admissible set of poles for M„. Then ify n G M n , every Martin cluster function 
of {(v n ,y n )} is a linear combination of the K^.. 

In particular if the points all coincide with a minimal boundary point £ then (v„,y n ) — > £. 
4.2 John cuts 

Assume now that M is a John regular closed subset of £ and that £ \ M is the disjoint union of 
two open subsets U and U\. Fix 8 > and set uf = {x G Uj ; d a (x,M) > 8 } and vf = R x uf, 
j = l,2. Let V / = RxC/ / . 

Proposition 4.2 If h = is the positive superharmonic function in (E) generated by a prob- 
ability measure }X supported on the closure ofVo in the Martin compactification ^y(E) and not 
charging (0,Xo), we have 

h(u,x) <C[F + (u,x)+F-(u,x)\, (u,x)£V l S (4.3) 
for some constant C = C(L,M,Uq,xq, 8). 

Proof. We may assume that xq G Uf (using Harnack and changing the reference point) and it 
suffices to prove (14.31) for each h = Ki y ^\ , y G Vb with a constant C > as in the statement. Reducing 
h on Vi , it suffices to prove the result for Kt Vi y) , y G M, v G R. 

For such a pole (v,y), with say v > 0, it follows from (14.21 ) and Theorem 13. II that for x G Uf such 
that d(x,Aj) > ^d(Aj,dL) for j = 1, . . . ,Af, (we use the same notations as above) 

N 

K {x , y) (u,x) <C' K (vAj)(u,x) 
j 

<C"' e a ^ u (p {) (x). (4.4) 

In the second line we have used the maximum principle (as above in the proof of Theorem 14.11 ) 
to compare the positive L-harmonic function e am2xU ^>o{x) with the Green function with pole at 
(v,Aj). In the last line we have used the inequalities given by Theorem 13.11 which imply that 
K(y^ .) (v, A'j) ~ ^'(v j A J )( v — IjA/) — ^+( v — ^i A j)- Using the similar inequality for v < we get 
the desired conclusion. □ 

Remark 4.3 For h = K( v>y -\, y G M, the proof shows that h(u,x) < C [F + (u,x) +F-(u,x)] if x G U\, 
\u — v\ > 1. If moreover v > 0, then h(u,x) < CF + (u,x), for these points (u,x). 
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Corollary 4.4 Under the assumptions of Proposition \4~2\ two sequences {(v/,V/)} and {(\Vj,Zj)} 
such that vj, Wj — > +°°, yj £ Uq and Zj £ U\, have at most one common cluster point in A which 
can only be F + . 

Corollary 4.5 If ho and h\ are positive harmonic in (£), ifhj = K^. with }Xj supported by Uj x M 
(closure in ^-(EH j = 0,1, if lim e~ a '" a * u (h /\h\)(u,xo) = lim e ami " u (h Ahi)(-u,x )=0then 
ho A hi is a potential (that is, has no positive L-harmonic minorant). 

4.3 Inner ball property 

If we have a boundary point z £ <?£ and an open ball (or cap) B(a,r) C £ with z £ dB(a,r), r < 
2, the results in J31 (see also Q) tell us (using Proposition 12.121 ) that as v — > vo in M and y — > 
z non-tangentially in B(a,r), the point (v,y) tends to a finite type minimal boundary point % = 
(vo; (z,a)) in ^y(£). Moreover the minimal K? is bounded away from (vq,z) and vanishes on 

dtf Y (L)\{(v ,z)}. 

There is a parallel statement for the behavior of (v,y) for v — > +°°. But here the inner ball should 
be large. This will be used later for an example's construction in section [6~4l 

Theorem 4.6 Assume that £ contains an open hemisphere £ + in S^-i- Then if{yj} is a sequence 
in £ + and ifvj — > +°° in K, the sequence (vj,yj) converges in the Martin compactification of^j^) 
to the canonical Martin point F + , i.e., UmjK^ v . y .-j = F + . 

The proof is deferred to section l6~4l 

5 Uniqueness of the Martin point at infinity for d = 3. 

We now prove Theorem 11.31 (rather its cylinder version), using in an essential way a result of R. 
Banuelos and B. Davis on the heat kernels in planar domains ( flOl . 10). This result says that given 
the point x\ £ £ there is a to > and for each t > to a constant C(t) > 1 such that lim^C, = 1 and 

C(ty l e- Xlt <po(xi) (p (y) < K t ( Xl ,y) < C{t)e~ klt <po(xi) (p (y) (5.1) 

when t > to and y £ £ (see in ifTOl Theorem 1 and section 4). Recall {it,} is the heat semi-group 
generated by the Laplacian in £ and <po is normalized by the condition ||<Po||l 2 (£) = 1- 

Theorem 5.1 If d = 3, every sequence {%j}j>i = {(vj,yj)}j>u in ^y(£) such that vj — > +°° con- 
verges to F + , i.e., K^.(u,x) ->■ K^(u,x) := e ammli <Po(jc) / <po(xo) for j — > °°. 

The following simple lemma (valid for all d > 2) deals with times in (0,?o]- 

Lemma 5.2 Given 8o > and x\ £ £, there is a constant C = C(5b;£,xi ) > 1 such that 

n,{x x ,y)<Ce- ht <po(xx)<po(y) (5.2) 
for ally £ £ such that \y — x\ \ > do and allt>0 
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Assuming as we may that 80 < d(xo,Sd-i \E), this is a simple consequence of the parabolic max- 
imum principle applied in the region {(x,t) ;f>0,i£l} \ ; \x — xo\ < So, < t < 1} (the 
two members of (15.21 ) are (d t —L)— harmonic in (y,t) and the first has by definition minimal growth 
at infinity in £ x R + ). 

Lemma 5.3 Assume d = 3 and let T, fx > 0, x\ given. Then, as a — >• +°°, 

/ e * Vlc t (x u y)-==o( e « ^^{x^y ) -= (5.3) 
Jo yt Jt yt 

uniformly iny £ £, ||y — x\ \\ > 8q. 

Proof. We may assume T > to. By (15.11 ) and lemma [5721 it suffices to prove the relation obtained 
from (15.31 ) when the terms n t (xi,y) are removed from the integrals. 

Now fie-v-l" f f < \ Vf e-ir and, if > 1, J^e~v-l" *. > «~w fi e -M)'dt, where for 

the last inequality we use the observation that 1 1->- ^ is increasing in (I, 00 ). 

2 2 

So Jg e ^ 7 ^' ^ > ^ e~ ve , where v = jU + |, and we may conclude since as a — > +°°, 
I ^/T e-'-T^- L e)+ ve ^0 for any fixed 6 >T. D 

Proof of Theorem 15. 11 Assume as we may that yj — > y^ € E. Using the Banuelos-Davis Theorem 
and the above lemma and its proof, we have if y^ 7^ xi and j — > 00, 

/"» («+(<j-2)t-Vj) 2 

V47rG(M,xi;vy,y ; ) / e 4, ^(x^) — 



v f 

(rf-2)(' 

e 2 



JO \Jt 

(d-2)(v r u) r°° ("-^-) 2 r (rf-2) 2 , , <f? 

- (j:i)?b(yy / -I— +^ — . (5.4) 



Thus, for xi, X2 G E, we see that G(u,X2',v j,y j) /G(u,xi;v j,y j) — > <Po(x2)/<Po(xi) for j — > 00 (assum- 
ing first yoo 7^ xi, v„ 7^ X2). This shows that a cluster function of the Martin kernels K v . y ., as 
j — > 00, is in the form K(u,x) = g(u)(po(x) and hence must be K = F + . 



In fact, 



("-"/ r (rf-2) 2 ih dt 1 



e — ^-y-r-+h]t = _L_ e -V^ (5.5) 

V4ttF 2^u 

where Aj = \u — vj\ 2 , jX = ^ d ~^ + X\ (note that the left member of (15.51) is the Green's function 



4 

in R with pole at the origin and with respect to j£f = -fi — fx evaluated at y/Af). It follows that 

G(u,x;vj,yj)/G(0,xo;Vj,yj) ->F+(u,x) when ;'->■«>. 

This shows that G((m,xi); (v,y)) ~ 1 =yo(xi)yo(y)g~ 0!m " x ^ v ~^ uniformly with respect to y, 

as v-w -> +00. Similarly, G((w,xi); (y,y)) ~ -^=4== )q) (y)e- a "^ l '- v) as v-w ->■ 
uniformly w. r. to y. □ 
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Proof of Theorem 13.11 The proof of Theorem 13.11 (where d > 2) is completely similar. In fact as 
well known (see e.g. ifTSTl . ED) for every compact K C E, e^ [t 7i t (x, y) — > (po(x)(po(y) as t — > +oo, 
uniformly w. r. to y G ^. So an obvious adaptation of the above gives the convergence to F + . 
Inequalities 13. 1 1 follow from the fact that now G(u, xo;0,xq) ~ c'*? ™ 111 " for u — > +oo. 

Remark 5.4 The proof also shows that Theorem 15.11 extends to d > 3 if the base £ is intrisically 
ultracontractive with respect to As, (see lfl"5l . 10, llH). For example, by Banuelos results in [8] this 
is the case if for some p > | the base Z is //-averaging (that is pz G L P (L) where pz(x) is the 
pseudo-hyperbolic distance to xq). See (8J for other examples. 



6 Examples for d > 4 

In this section we show that for d > 4 there are cones in M. d with a host of Martin points at infinity. 
See sections 16.21 and 16.31 (another example described in section 16.41 shows that these points can be 
minimal as well as non minimal). This is closely connected with the existence -established by 
Cranston and McConnell in |[T4l - of a bounded domain D in R 3 with an /z-Brownian motion in D 
with an infinite lifetime. In fact we use a variant of the construction in [ 14] section 3. 

As before we work with the model of the cone ^o(E) given by the cylinder (^V(£),L). 



6.1 Preliminary lemmas 

Fix Ao > 0, d > 2, and consider a cap B = B(a,r) := {x G S; \x — a\ < r} in S := S^-i, r < 1, 
with two given points ^, ^' G dfi, symmetric in S with respect to a. Let T = B(^;r/100) PidB, 
T = B^V/lOO) n <9B, and let M b :={igB; ||x - 1, \\ = \\x- }. 

Let ^ be a region in S d -i such that B C CI C \ (dB \ T), T 7 nD.\B = 0. Set Q. = D. x R. 

Lemma 6.1 Lef v = Hf solves A$v — X v — d t v = in H v(y, f ) = /(y, f) m where f(y, t) is 
bounded measurable in dQ., nondecreasing in t and f(y,t) = Ofory ^ T'. Then, given r\ G (0, 1), 
there exists £\ = £\ (d, Ao, r\ ) > such that for < £ < £\ and < A < Ao, 



Moreover Hf(x,t) is nondecreasing in t. Here pL^ is the harmonic measure ofx in Q.w. r. to As — XL 

Proof. The last claim follows from the parabolic maximum principle and the translation invariance 
in£ of As — XI — d t . 

To prove the first, observe that by the monotonicity assumption we may assume that f(y,s) = cp(y) 
for s > t — er 2 and f(y,s) = y(y) when s < t — er 2 . Since the inequality is an identity when f(y,s) 
is independent of s we may assume \ff = and also that t = er 2 by time translation invariance. 




)}d^ x \y), (x,t) G Mb x R 



(6.1) 
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Then J dn [^/(^er 2 ) + (1 — T])f(y,0)] dil^(y) = r]<t>(x) where <I> solves A<J> - X<t> = in D, and 
= / on dQ.. We want to show that Hf(x, Br 2 ) < rj<t>(x) provided a < a is sufficiently small. Let 
N be the integer part of | and set w(x,s) = Hf(x,s + er 2 ) — Hf(x,s). 

By the parabolic Harnack inequalities ll26l . Cw(a,r 2 (\ — ke)) > w(a, y) for 1 < k < N and a con- 
stant C = C(d). Thus, on summing up, Nw(a,r 2 /2) < CH f (a,r 2 ) < C<t>(a). 

Applying next the parabolic boundary Harnack principle in Q. x R ( ifTTl . EH) to w(x,s) and <J> 
(viewed as functions of (x,s)) we obtain w(;t,£r 2 ) < c Y w{a <£jy ] <&{x) < ^£<t>(x) for x e M B with 
ci = c\(C,d,Xo). The result follows. □ 

We will use lemma [67T1 in conjunction with the following lemma. 

Lemma 6.2 Let {nik}\<k<N be a finite sequence of probability measures in R of the form = 
jSq + \b~-a k for 1 < k < N, where < a\ < 1. Ler L an<i £ he given positive numbers. There is an 
A =A(L,e) > such that ifjj^ =l a^ > A, the measure Vn = m\* ■ ■ ■*m^ satisfies : V^([— L,0]) < £. 

The probability Vn is the law of the random variable Z := — LyLi a /Xj if ^i , • • • are independent 
random variables such that P(Xj = 0) = P(Xj = 1) = j. For /3 > 0, we have 

P(-Z < L) = P(/ z > e^) < / L £(/ z ) = / L n £ ( e_M ) = ePL fit 1 - — y— )• 

7=1 7=1 2 

TV Q Q Af 

Thus, using a* < 1, P(Z > — L) < / L J}(1 - < / L exp(-^ _/3 £ a ; ). The lemma 

7=1 2 2 7=1 

follows. □ 



6.2 A class of cylinders. 

We now consider domains E C Sd- i,d>4, similar to examples introduced in [ 14 ] : there are disjoint 
open balls Bj = B(xj,rj), j > 0, in S d -i such that (i) £j> ^ = +°°, (ii) Bj C E, (iii) for N > I, 
£\5jv has two components E^, E^ with disjoint closures and E^ D Uj<NBj> ^ ^Jj>N^j, (iv) 
there are caps Tj, Tj in dBj, j > 0, symmetric with respect to Xj, of radius p ; - < rj/ 10 and such that 
LjnBjCTj,LjnBjCTj. 

Remark 6.3 There is an Sd > such that whenever r ; - > 0, j > 1, satisfy £r 2 = oo and ^r^ -1 < e d , 
there exists a corresponding E such that moreover: (a) \xj —Xk\ > 4 max{ r^r/} for j ^ k, (b) the 
centers xj have a limit Po in 5j_i (c) E is locally Lipschitz in Sd-i \ {Po} and is Dirichlet-regular in 
Sd- 1 - The proof is left to the reader. 

Set En = E^y U B^ for N > 1 and fix Ao > 0. Let k be a bounded positive solution of Ak — Xk = , 
k = in d!. N \T^, < A < Ao. For ^ > 0, let /i = solves: d t h(x,t) - A x h(x,t) + Xh(x,t) = in 
E w x R, = l f >_^(y) in dL N x R. 

Proposition 6.4 Le£ ^ a«<i £ be positive reals and let x £ E ? , I < q < N. There is an integer 
Nz(q,£,£,Xo) such that whenever N > Nz(q,£,£,Xo), 

h e (x,0)<sk(x). (6.2) 
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Proof. Fix f] = \ and a corresponding £q > as given by lemma [67TI Let p G {q, q + 1, .. .}, let 
f(y,t) be a bounded Borel function in 7^ x R which is non decreasing in t and let v = Hf denote the 
solution of A5V — Xv — d t v = in L p x R with v = 1t" X ]r/ on the boundary. We show by induction 
on n = p — q, that 

H f (x,t) < I ( r /(y,f + j)Jv^(j))^ p (y), ieZ,\e, (6.3) 

where V 9iP = * (\ 5q + | fL^) and where jitf'' is the harmonic measure of x in Z p w.r. to A5 — XI. 
Denote v ; - := 5 <5 + 5 ^^,.2 . 

For n = this is lemma [67TI Assuming that the property holds for n — 1 > and viewing Hf as 
a solution in L q x R of a Dirichlet problem for A5 — XI — d t we get by lemma [67T1 and maximum 
principle 

H f (x,t) < f (/ + °° H f (y,s + t)dv q (s))dnf"(y) 

< / (TV [ + ™f(z,s+t + T)dv q+Up (T)drf p (z)]dv q ( S ))dfix'>(y) 
= /(/ [ + ~f(z,s + t + z)dv q+hp (z)dv q (s)]dLif"(z))d^(y) 

JT JTp J— 00 J— 00 

= /(/ [f + °° f(z,t+e)dv q , p (e)]di4''(z))d£ q (y) 

JV q JT' p J-00 

= ! ([ + °°f(z,t + e)dv q>p (e)}d^'(z),xe'L-, 

JTp J —00 

where we have used in the second line the induction assumption, in the third the fact that integration 
with respect to s and integration with respect to z commute and -in the last line- the formula 
Hx p = J nf p dHx 9 (y) (for x G This proves (IO) . 

From (16.31 ) it follows that for x G L q = L q \B q , 

hi(x,0)< [ ([ k(y)dV q jf(s))d£ N (y)=k(x)v q , N ([-l,0)), (6.4) 

JTl, J-l 

and the proposition follows from lemma [6721 and the condition L 7 >i rj = +00. □ 

We now take for k the Green's function k = Gy in £ with pole at some point y G £\IW and with 

respect to A5 — XI. It is easily checked that for —I < s < 0, x G Zjv» hg(s,x) > Jq e~ kt K t {x,y)dt. 
Recall that k{x) = Jq e^^ t 7i t (x,y)dt and that the parabolic Green's function with pole at (yo,to) 
in £ -and w.r. to As — X — d t - is r(x,?;yo,?o) : (x,t) h-> l t>to e~ xt J~ to }n t - tQ (x, yo); thus u(x,s) := 
/~r l{f>-^}r(x,j;y,f)<if = /o ' 4 ' n t (x,y)dt is bounded by hf,{x,s) in ZArn{— ^ < 5 < 0} by the 
parabolic maximum principle. 

Thus, the previous result can be read as follows. 
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Lemma 6.5 For any sequence {yj} converging in £ to the end <§ of "L defined by the cuts (a 
basis for $ is provided by the sets Z^j and every X > 0, we have 

$e- Xt K s (x, yj )ds _ 



j- 



>/ °°e Xt K s {x,yj)ds 
for every fixed ?o > and every iGl. 

J7° e~"n s {x,yj)ds 

So, lim ,^oo — r, ? ' w = 1 for fn > 0, x G £ and A > 0. 

Lemma 6.6 Le? {jy} be as in lemma \63\ For j — > °° and for given reals p, p' the ratio 

_1 (p+(rf-2),) 2 

[J t 2e 4, ^(x,y y )df] 
converges towards ) /or eac/i x € £. 

„. . ,oo _1 (p+(rf-2)<) 2 (rf-2)p _i _p 2 _ (rf-2) 2 

We have J f 2<? * n t (x,yj)dt = e 2 J Q ? i e * e 4 n t {x,yj)dt. If we set <p(?) = 

_1 _p£ (rf-2) 2 

? 2e 4r e 4 , then for every to > and for j °° 

/ (p(t)K,(x,yj)dt = o( tp(t)itt(x,yj)dt) (6.6) 

In fact, with A > we have for ?i > large enough 

p 00 /"oo 

/ (p(t)7t t (x,yj)dt >C(t l ,A,d) e^ At K t (x,yj)dt (6.7) 

if! Jti 

(note that > 4^- for t >t\, because <p(?)e' A is increasing for f large enough). On the other 

hand for such a fixed t\, we have f h (p(t)n t (x,yj)dt < C'(t\,A,p,d) Jq e~ At n t (x,yj)dt and (16.61 ) 
follows by lemma [631 

Since e « — > 1 for f — > 00 (p being fixed) we see now that as j — > +00, 

/°° 1 _ei ♦ (rf-2) 2 ,~ 1 . (rf-2) 2 

/ ? 2e * e ' 4 7l t (x,yj)dt~ / ? f 4 n t (x,yj)dt (6.8) 
Jo Jo 

Using also this result for p' the lemma follows. □ 



6.3 The Martin boundary of the first example 

Using Lemma l6T6l we get a (partial) description of the Martin boundary of the cylinder (Z) =lx 
£ with respect to L := d} m + ^^<9„ + A5. In particular it will be seen that there are Martin boundary 
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points related to sequences (uj,yj) G *^y(£) with limwy = +00 and distinct from the canonical point 
F + given by Theorem 12.1 II 

Denote d£ := dEn {U n >i ^n} tne set °f points in dE "away from the end S" (see Lemma [631 ) . 
Because £ is defined by a "smooth" system of cuts (the balls or the mediators of L\r and 
in Ba?) it follows from standard forms of the boundary Harnack principle (see e.g. lU, (6J) that for 
A < X\ (E), the end is the trace on E of the neighborhoods system -in the Martin compactification 
of (E, As + A/)- of a minimal A5 + AL-harmonic function kg (normalized at xo) which vanishes on 
dZ (El Theoreme 2.5). 

For a G [aojGWx) -recall Oq := — and a max := - ^ + 4A '( £ )_ define K"(u,x) := 

e 0B, Aj (o) (x), (a,i)axl HereA(a) = a 2 + (J-2)a(thusA(a ) = --^^4^)- Recall A denotes 
the Martin boundary of ^y(£) w.r. to L, and Ai its minimal part. 

Theorem 6.7 The function is L-minimal (so K°g = for some ^ £ A|J and there exists 
<£> : E — t- M + going to +00 along £ and such that (uj,yj) —> t, when \uA < Q{yj) and {y,} — > 
§. Moreover for every a G (gJO)QWx), Kg is minimal L-hannonic in ^y(£) and each associated 
sequence {uj,yf\ in ^(Z) satisfies : (i) {yj} —> <§ and (ii) uj — > +00. 

Similarly, for a G (oVm do), the function K" is L-minimal in ^.(E) and every associated sequence 
{uj,yj} satisfies : (i) {yj} converges to $ and (ii) uj — > 

Proof, (a) By lemma [631 if {yj} is a sequence in E converging towards $ and such that {(0, yj)} 
converges to some £ G A, the Martin function Kt satisfies: K^(p ,x)/Kz(p' ,x) = g~T^(P~P') for 

p,p' 6 K . Thus K^(u,x) = e~' L ? ku k(x) where & is independent of u and necessarily a positive 
solution of As& + X$k = in E, Ao = A(G5o). 

Using the John cuts M„ (the mediator in B n between T n and T n '), n > 1, and Proposition 14.21 we see 
that h.t vanishes on dZ x R. So fcf = in dE and as mentioned before k must be the (As rf _, + XqI)- 

minimal function corresponding to S, i.e k = kg . 

(b) It follows that (uj,yj) — > % when {uj} is bounded and {yj} as before (see Proposition 12. 12b . 
And for p y growing sufficiently slowly to +00 as y — > $ , the point (u,y) tends to § for y — > $ and 
\u\ < py (the convergence holds in the Martin space of (<^V(£),L) ). In particular there is no minimal 
boundary point £ = lim(w ; -, y,-), with yy — >■ of the finite type (i.e. non exponential in the vertical 
variable) described in Proposition 12. 121 (iip. 

(c) We now show that h^ is minimal L-harmonic in (E) and more generally that for each a G 

[acOCmax) the function ho(u,x) = e au ko(x), where k$ = k^ a \ is minimal harmonic for ("^y(E),L). 
Consider its Martin's disintegration into L-minimal functions. This disintegration does not charge 
the set of minimal functions in the form eP"k(x) with j8 7^ a (this would contradict the behavior of 
/io as u t +00 or u | —00). Since ho = on R x dZ, it is supported by the set of minimal points £ 
such that £ = lim(wy,y ; ), \uj\ — > °° and yj — > £ (using Proposition 14.21 and (b) above) and hence 

K^(u,x) = e^ u k(x) with k vanishing on dZ. Thus k = kg and the disintegration is supported by a 
minimal point £ such that Kr = 

The remaining assertion clearly follows from Corollary 14.41 and the proof is complete. □ 
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6.4 Proof of Theorem 14.61 and a second example 



In this section we construct a second example -based on the first- for which there are for each 
a G ( Omin , GWx) corresponding minimal and non minimal Martin points £ with KAu,x) = e au k(x). 
We first establish -in the spirit of O- Theorem 14.61 

A. Preliminaries. Denote £ + the hemisphere {? G Sj_ i ; ?i > 0} of i , xo = ( 1 , 0, . . . , 0) its center, 
and a the reflexion x = (h,... ,ta) i-> ( — ?i,?2> • • • > f rf)- 

Proposition 6.8 Assume ma? £ D £ + awci denote G the Green 's function of K. x E. Given p > 0, 
f/zere is aC = C(d,p) such that whenever y G £+, iGl, ant/ w < v — 2p 

G( Viy )(u,x) := G(w,x;v,;y) < CG^(u,x ) (6.9) 

Proof, a) By a known general estimate (see O, (4l) of the Green's function of a domain containing 
a C 2 -ball (here {(f,x) G ; |x — xo| 2 + |f — w| 2 < 2}) -together with Harnack inequalities and 

elementary observations- we have when z G £+, z' G £, |w' — w\ > p : 

G(w',z / ;w,z) < Q jP G(w±p,x ;w,z) (6.10) 



b) Denote a(?,x) = (?,a(x)). Applying the maximum principle in IR x Z + to the functions G^ 
and G( v ,v) ° cr in ^V(a(E + )) -extend the second by zero outside (a(£))- we have 

< G m (w,ct(z)) < sup{G (Vjy) (w J «') ; z' G 1+} (6.11) 
for z G XL =E\E + ,iv^v. In particular we need only consider (take w = u). 

Similarly, if ^ ux y t G R, is the L-harmonic measure of (u,x), u < t, in the truncated cylinder 

C"_ := (I) fl {(w,z) ; w < t } we have for x G 1+ 

M( M < ff(M( ¥ )) m {0 x (y(L_) C dC f _ (6.12) 

* * 
This is because the adjoint Green's function GL^ with respect to C* is larger than G^ u x \ o a in 

a n {(w,z) ; z G £+}, and M^,^) is ^G^ dff S (z). 

c) Now write the reduite (w. r. to the cylinder ^y(r)) of G( vy ) over £" p := {w + p} x £+, i.e., 
= /? r + ( ifTTTl . |[T3l ). as a potential Gy of a positive measure uonZ" p . Then 

(v,y) 

G jU (w,x) = J^ +p G(u,x;Qdn(Q 

<C j^ +p G(u,xo;Qdii(Q 

= CG M (w,x ) <CG (V;V )(m,x ), (6.13) 

using (16- 10b - 

d) Finally g = G( v v ) — p is majorized in C" +p by the solution /i to the Dirichlet problem in C" +p , 
with the boundary condition h = G^ in £_ x {w + p } and h = on the rest of <9t/. By (16.111) and 
(16.121) . q(u,x) < p(u,x) and by (16.131) q(u,x) < CG^(u,xo)- □ 



Positive harmonic functions in cones and cylinders 



21 



Corollary 6.9 Suppose E + C E. Let {yj} be a sequence in E + and let vj — > +°° in R. Then 
{(vj,yj)} converges to the canonical Martin point at +°°, i.e., hmjK^,.^.^ = F + . 

This is Theorem 14.61 Similarly of course, if vj — > — oo, yj g E+, we have lim y yy ) = F_. 

Proof. If £ is a cluster Martin point for {(v j ,y j)} j>i it immediately follows from Proposition 16.81 
that if h denotes the L-harmonic measure of {0} x E in ^y(E), 

K^(u,x) <CK^(uo,xo)h(u — UQ,x) 

for u < uq, x G E. This shows that Kr vanishes on R x dE and that Kr is bounded for u < uq. Thus 
Kr = F + by Theorem ITTTI □ 

B. Assuming d > 4 we construct E as follows. We start with the hemisphere E + , a point Po G dE + 
and a sequence of points P„ G dE + such that |P„ — Pol = 4 _n , n > 1. For each n > 1, let £2„ be 
a domain in S^-i, £2„ C (P„, ^-r) \E + of the type considered in remark [631 (starting with 
disjoint balls B„j, j > 1, in Sd-i converging to some point Q n in B(P„, — q^) \E + and such that the 
sum of the squares of their radii diverges). Let U n be a region in B(P n , \ (E + U £l n ) such that 

U n n E + is a closed ball A„ in dE + of center P„ and U n n £2„ a cap A^ C d#„,i n dn„ (where A„ and 
A^ are the relative interiors). 

The domain E is the union of E + , the joining regions U„ and the disks A„ and A' n , n > 1. 

Let a G (« m j n ,a m ax) and n > 1. As before, by [4] there is a unique positive (A + A(a)/)-harmonic 
function k„ in E vanishing in dL\{Q n } and such that k n (xo) = 1 (xo is the center of the hemisphere 
E). Moreover k n is minimal A-harmonic in E and by Theorem l6.7l the function Kq*\u,x) = e au k n (x) 
is minimal L-harmonic in ^y(E). Denote h^ a \u,x) = e au k(x) the similar L-harmonic function in 
^y(E) with a pole at Po- 

Proposition 6.10 The function h^ is a non minimal Martin function for (^y(E),L). 

Proof. It follows from standard arguments that the k n vanish uniformly on the boundary of E away 
from Po (as n — > oo), so that k = limk n . Thus h^ = limK^ and h^ is an L-Martin function in 
^y(E) associated to a point £ G A. If a > Ofo (resp. a < O5o), there is a sequence {(v 7 ,j ; )} with 
yj G limvy = +oo (resp. limvy = — oo) converging to £. 

By Corollary 16.91 the point £ -as a Martin boundary point- is not in the closure of R x E + . Thus 
every sufficiently small neighborhood V of £ meet R x £2„ for all large n, but not R x E + . And 
V n ^y(E) is not connected. But (by a general property) each neighborhood of a minimal Martin 
boundary point contains another whose trace in ^y(E) is connected (see e.g. |[29l p. 223). Hence £ 
is not minimal. □ 

7 Extensions to more general cylinders 

The argument in sections 2 and 3 can be extended to more general second order elliptic operators in 
cylinders. We describe here a simple generalization and state the corresponding results. Assume E 
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is a relatively compact region in a C Riemannian manifold M of dimension d — \ (d>2) equipped 
with a second order elliptic operator Lm in the form 

L M ((p) =div(AV(p)+fi.V<p + y<p (7.1) 

where A is a measurable, bounded and uniformly elliptic section of End(r(M), B a bounded mea- 
surable vector field in M and y a nonpositive bounded measurable function in M (ref. [33]). We also 
assume that M \ £ is non polar. Thus Lm admits a Green function in £. 

We consider now a differential operator in the cylinder ^y(r) = KxI which is a direct sum L = 
Lr ® Lm where Lr = j-j + ft^ is translation invariant in R (i.e., ft is a real constant). Again we fix 
some xo G £ and take (0,xo) as the normalization point in ^y(£) for the Martin functions. 

We define X\ :=X\ {Lm', £) as the supremum of all real t such that Lm + tl admits a Green's function 
in £ (or such that the cone of nonnegative Lm + ?/-superharmonic functions has a dimension > 1). 
It is well known that < Xi < °° and that for t := X\ all nonnegative {Lm + f/)-superharmonic 
functions in £ are proportional to the unique (up to scalar multiplication) positive Lm + tl positive 
solution <po in £. This solution <po is bounded, vanishes in the weak sense on the boundary dL and 
<Po 6 Hq (£). As also well-known we have similar properties for the formal adjoint operator L* M , and 
moreover X\ (L* M ;Y.) = X\(Lm',^)- Wedenote <Pq apositive (L* + Ai/)-superharmonic function in £. 
Again (p^ is unique up to multiplication by a constant, vanishes on d£ and is {L* M + Ai/)-harmonic 
in £. 

Repeating the argument used in section [2] we obtain a similar description of the L-minimal Martin 
function associated with the end u — > +°° in "^y(E). 

Proposition 7.1 If K is a minimal L-Martin function in ^V(£) = IxE associated to a sequence 
{uj,xj) with Uj —> +°°, xj € £, then K is in the form 

K{u,x) = e au K{0,x), (u,x) G RxE (7.2) 

for some a > — | ant/ s(x) = K{0,x) is a proper function in Z: Lms + Xs = 0, X = a 2 + fta. So 
a = i^+yjE+j A an< ^ < ^ <X\; moreover s is (Lm + XI)— minimal in Z. 

As before there is a natural bijection K t-^ K between the set A + °° of the Martin function arising 
from some sequence (vj,yj) in 'rfy(r) with limvj = +00 and the analogue set A~°° (related to the 
condition limvy = —00) by letting K(u,x) = e~ bu K(—u,x). 

Theorem I2.13l can also be extended to the present framework, but a slight modification is required 
in the proof. Set F+(u,x) = e a ^ u ^K and F(u,x) = e a ™ u M?K where cw := ~ b+ ^? +AXl and 

._ -fc-Vfc 2 +4Ai 
t*min • — 2 

Theorem 7.2 If f is L-harmonic in (S) and vanishes in weak sense on~Rx d£, then f is a linear 
combination ofF + and F . In particular, ifmoreoverYim'mfe am ™ u f{u,xo) = then f is proportional 

U — f — 0° 

to F + . Thus F + and F are L-minimal in ^y(E). 

As in the proof of Theorem 12.131 we may reduce ourselves to show the following. A function F 
in ^y(r) which vanishes on R x <9Z and which is in the form F(u,x) = J A , K^(u,x)dlJ.(Q where 
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A' = {£ G A + °°n Ai ; — | < a(^) < ai}, ai < oWx, and where is a finite positive Borel measure 
on A, must be the zero function. Denote X[ = otf + bcti . 

As before the function (p(x) = J A , K^{0,x)dil{Q is positive superharmonic with respect to Lq = 
Lm + XqI, = — ^ and vanishes in the weak sense on <9E. The measure — Lo(<p) is given by the 
density y(x) = J A (A — Ao) k^ (x) diif(x). It follows that <p is the Lo-Green's potential in E of y and 

again, G^(y) = <P > X'-Xa V m ^' wnere * s Green's function in E w.r. to Lo. To conclude we 
then slightly modify the argument in section [2] using now the minimal heat semi-group P t generated 
by L in E. 

n n — |— OO /i />-j— OO /" 

/ G^°(^)<p ( ^a M = / / e h3t P t {y)(pt ) dc M dt= / / e-^'-^V^rfadf 

JO JZ JO Jl. 

because P;(<p ) = e^tp*. Thus J^G^i/a) <p * da M = fy<$do M . 

But on the other hand from G^(y) > jj^¥ it follows that J^G^y/") <Pq Jom is larger than 
J ytpQdo. Thus / yq>Qdo = and y = in E. So <p = 0. □ 

Corollary 7.3 Every positive L-harmonic function f(u,x) on ^y(E) vanishing (in the weak sense) 
on R x dE a«<i swc/z ?/za? limsup/(M,xo) < oo -x G E- « proportional to F + . 

Theorems 1 3 . 1 1 and |5 . 1 1 extend as follows. 

Theorem 7.4 Lef = (y/,y/)> j > 1, fea sequence of points in (E) .rac/z z^/zaz 1 Vj — >• +oo. //J < 3 
or if d > 4 and {yy} z's relatively compact in E, the functions K^.(u,x) converge to K^(u,x) := 
gO(E« y/Q^), /ft particular when d < 3, ij f/ie o«/y Martin point at infinity. 

The proofs are the same as above in section [5] using the natural extensions of (15.11) (with y in a 
relatively compact subset of E when d > 4) to our present setting. Denote {n,} the heat semi-group 
generated by the L in E and as above <pQ any positive eigenfunction of the adjoint elliptic operator 
— L* in E for the eigenvalue X\ . Then we have : 

(i) if d = 3, there is a to > and a function C : [fo, °°) — > (1, +°°) such that lim f _ >00 C(f) = 1 and -if 
C = (j^{y)<p* Q (y)do(y))-\ 

CoC(t)- l e-^(po(x Q )(Po*(y) < 7i,{x Q ,y) < C C(t) e -^ <po(x ) <Pb*(y), f > f (7.3) 

for all y G E. The proof in ifTOll Theorem 1 for the Laplacian can be adapted after one shows that the 
Cranston-McConnell inequalities lfl4l (see also |9jj) hold for all subdomains oo of E: i.e., there 
is a constant C = C(E) such that for every oo and every positive L-harmonic function h in oo one has 
G ffl (/j) <C\oo\h. 

(ii) for all cf > 3, it is well-known that (17.31 ) holds provided y is restricted to a relatively compact 
subset A of E (see [30] Theorem 1.2 (iii) with a class of elliptic operators slightly different from 
ours, see also ED, 021 ). 

Let us finally also mention that the results in sections |4~T1 and FOl extend to the present setting if we 
restrict to John conditions with N = \, where N is the number of poles -recall the needed results in 
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Il6l require for N > 2 the symmetry of the underlying operator. When B = and A is symmetric, 
the restriction N = \ can be removed since L = Lr + o~ u + bd u is then symmetric with respect to 
the reference measure ii(du,dx) = e bu dudOM{x) (i.e. L is symmetric inMxf equipped with the 
riemannian metric gi u x ^(du,dx) = e hu (du) 2 gM{dx)). 
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